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Preface

Introduction

Real-world decision-making often requires reasoning abatten anevent will occur. The overarching goal of
such reasoning is to help aid decision-making for optimal triage and subsequent intervention. Such problems
involving estimation of Times-to-an-Event frequently arise across multiple application areas, including,

Healthcare and Bio-informatics : More commonly known as “Survival Analysis’ involves prognostication of
an adverse physiological event like a stroke, the onset of cancer, re-hospitalization, and mortality. Time-to-
event or survival analysis can be used to proactively mitigate adverse outcomes and extend the longevity of
patients.

Internet Marketing and e-commerce : Models employed for estimating customer churn and retention in
large commercial organizations are essentially time-to-event regression models and help determine best
practices to maximize customer retention.

Predictive Maintenance: Reliability engineering and systems safety research involves the use of remaining
useful life prediction models to help extend the longevity of machinery and equipment by proactive part and
component replacement.

Finance and Actuarial and Sciences Time-to-Event models are ubiquitous in the estimation of optimal
nancial strategies for setting insurance premiums, as well as estimating credit defaulting behavior.

Figure 1.Censoring and Time-to-Event Predictions. Patients AandCdied 1 and4 yearsfrom entry into
the study, wherea$atients B andD exited the study without experiencing death (were lost to follow up) at
2 and 3 yearsfrom entry in the study. Time-to-Eventr Survival Regresstbns involves estimates that are
adjusted for individuals whose outcomes were censored.
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Figure 1 illustrates a typical example of a Time-to-Event problem in healthcare. The challenge of working
with time-to-event data is compounded by the fact that as evidenced in the gure, such data typically includes
individuals whose outcomes are unobserved, or “censored, either due to a loss of follow-up or end of the
study. Discretizing time-to-event outcomes to predict if an event will occur is a common approach in standard
machine learning. However, this neglects temporal context, which could result in models that misestimate
and lead to poorer generalization

Time-to-Event Regression often referred to asSurvival Analysis Censored Regresasivalves learning
of statistical estimators of the survival distribution of an individual given their covariates. As opposed to
standard regression, survival analysis is challenging as it involves accounting for outcaraesoredue to loss
of follow up. This circumstance is common in, e.g., bio-statistics, predictive maintenance, and econometrics.
With the recent advances in machine learning methodology, especidiep learning is now possible to
exploit expressive representations to help model survival outcomes. My thesis contributes to this new body
of work by demonstrating that problems in survival analysis often manifest inherdmterogeneitpat can be
e ectively discovered, characterized, and modeled to learn better estimators of survival.

Heterogeneity may arise in a multitude of settings in the context of survival analysis. Some examples
include heterogeneity in the form of input features or covariates (for instance, static vs. streamiirge-
varyingdata), or multiple outcomes of simultaneous interest (more commonly referred tacasnpeting risks
Other sources of heterogeneity involve latent subgroups that manifest di erent base survival rates or diverse
responses to an intervention or treatment.

In this thesis, | aim to demonstrate that carefully modelling thieherent structuref heterogeneity can
boost predictive power of survival analysis models while improving their speci city and precision of estimated
survival at an individual level. An overarching methodological framework of this thesis is the application of
graphical models to impose inherent structure in time-to-event problems that explicitly model heterogeneity,
while employing advances in deep learning to learn powerful representations of data.

Furthermore, through innovative probabilistic and numerical optimization techniques we explore how
the learnt estimators can be made actionable tools for decision support. By enforcing constraints thatimprove
model interpretability, we explore opportunities for enhancing the utility of such models, a requirement that
is paramount in critical scenarios such as healthcare.

Our major contributions can be summarized as follows:

X Part |: Estimators for Survival Analysis

X Chapter 1:We rstintroduce a new approachPeep Survival Machitesstimating the survival distribu-
tion P(T > tjX) using a parametric mixture model with representations learnt with neural networks.
We demonstrate the superiority of this model type in situations with competing risks where knowledge
is shared across outcomes. In thEEE Journal of Biomedical and Health Info(Matjpsal et al., 2021c).

X Chapter 2 : We extend Deep Survival Machines to settings where input data has -variates that vary
over time prior to when the survival curve is estimated. We learn time-varying representations of the
covariates with the use of recurrent neural architectures and demonstrate the e ectiveness of the result
at estimating length of stay and mortality in critically ill Intensive Care Unit patients. This work was
published at theAAAI Spring Symposium on Survival Predidéigpal et al., 2021b).

X Chapter 3 :We propose a model that expresses the time-to-event distribution using a mixture of Cox
models, parameterized with neural representations. We develop an e cient Expectation Maximization
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based inference procedure for this model that involves Monte-Carlo sampling to infer latent components.
We demonstrate that our approach has improved calibration over existing alternatives, especially on
minority demographics. This work was completed during an internship at Google Brain and is accepted
for publication at the Machine Learning for Healthcare Confékamggal et al., 2021d).

X Part II: Subgroup Discovery for Heterogeneous Treatment E ects

X Chapter 4: We hypothesize that in the observational settings, the individuals' responses to a treatment
or intervention manifest heterogeneity conditioned on certain latent characteristics of the subjects. We
proposeHeterogenous E ects Mixture Modekover the latent subgroups from data if they exist, while
estimating confounding e ects, using deep learning. Work was carried out during an internship with
IBM Research and published at theCM Conference on Health, Inference and L¢éagpal et al., 2020).

X Chapter 5 : We propose to extend ouHeterogenous E ects Mixture Mimdséttings with censored
outcomes. In such settings, latent group membership may jointly a ect base survival rates as well as
prognosed treatment e ects. By decoupling the base e ect of survival with treatment e ect heterogeneity,
we propose to extend estimators introduced in Part | to re ect counterfactual outcomes and discover
actionable phenotypes from the perspective of decision support. This work was presented aAQ!
Conference on Knowledge Discovery and Da0@ifpgpal et al., 2022a).

X PartlIl: Interpretable Approaches for Actionable Time-to-Event Analysis.

X Chapter 6 : Recovering Sparse and Interpretable Subgroups with Heterogeneous Treatment E ects
with Censored Time-to-Event Outcomes
In this section we propose a statistical approaches to recovering sparse phenogroups (or subtypes)
that demonstrate di erential treatment e ects as compared to the study population. Our approach
involves modelling the data as a mixture while enforcing parameter shrinkage through structured sparsity
regularization. We propose a novel inference procedure for the proposed model and demonstrate its
e cacy inrecovering sparse phenotypes across large landmark real world clinical studies in cardiovascular
health. Presented at thdlachine Learning for Health SymposiurthNzagl et al., 2023).

X Chapter 7 : Integer Risk Scoring with Censored Time-to-Event Outcomes
Integer risk scoring methods are ubiquitous across multiple aspects of healthcare for disease severity
estimation and subsequent intervention, management and resource allocation. Historically, integer
risk scoring methods have involved heuristic methods driven by domain expertise. Recently there has
been an interest in using machine learning to recover optimal solutions to the integer scoring problem
for binary outcomes. However, a large number of outcomes are time-to-events. In this chapter, we
propose an alternate formulation for the integer risk scoring system involving Mixed Integer Non-Linear
Programming that directly models the relative hazard for each individual. We demonstrate that, as
opposed to existing methods, our formulation has robust performance across multiple time horizons. We
demonstrate the ability of our approach to recover interpretable disease staging models across multiple
real world health studies.
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Glossary

Time-to-Event typically refers to a quantity of interest that represents the elapsed duration between begin-
ning of the study (or the time when an individual enters a study) till the time at which an event of interest
takes place. In the case of health data this could be an event like Death or Stroke or a combination of multiple
such events of clinical relevance. Survival analysis typically involve statistical estimation of the distribution
of time-to-events.

Survival Probability is the probability that a time-to-event for a subject would occur only beyond a certain
period of time. Typically notated as$(t), the survival probability is mathematically equal to unity minus the
cumulative density of the time-to-event at a certain time Thus,

S(t)= E[1fT > tgl= P(T > t)
=1 P(T 1t): 1)

Kaplan-Meier (KM) Estimator Itis a non-parametric estimate of the survival function that assumes that
the time-to-event and the censoring distribution are independent. TV Estimator can be given as,
Y d
) = 1 =

. n;j

[
with t; atime when at least one event happened|, the number of events (e.g., deaths) that happened at time
ti, andn; the individuals known to have survived (have not yet had an event or been censored) up to time

Hazard Rate The hazard rate, typically notated as( ), of a time-to-event is the probability that an event
will occur in a given time interval, given that the event has not already occurred. It is a measure of the risk of
an event occurring at a particular point in time. The hazard rate can be used to compare the risk of an event
occurring between di erent groups of people or under di erent conditions.

Suppose that an individual has survived for a timieand we desire the probability that it will not survive for
an additional timedt, the hazard rate () overtimeis,

_ . Pt T<t+d)_ PT=t),

O=Im @ so ~ sm

(= Slogs(): @

Cumulative Hazard Rate The cumulative hazard rate, also known as the cumulative hazard function for
a time-to-event distribution, is a function that measures the total amount of hazard (risk) that has been
accumulated up to a certain pointin time. Typically denoted aq ), itis calculated by integrating the hazard

function over time. Thus,
z t
(t) = (t); and S(t)=exp (1) : (3)
0

13



14 CONTENTS

Proportional Hazards (PH) An assumption common to survival and time-to-event analysis that involves
assuming that the hazard rates of two individuals or sub-populations are constant over time. The constant
value is referred to as thdnazard-ratio of the study.

Semi-Parametric Models A class of modelling approaches that involve both parametric and non-parametric
components. Note that Semi-Parametric models are more general than non-parametric or parametric models.

Cox Model The Cox Proportional Hazards model (Cox, 1972) is a popular semi-parametric regression approach
for estimating a survival curve for an individual conditioned on its co-variates. The Cox Model is subject to
assumptions of Proportional Hazards, that is, that the conditional hazard rates for any two individuals are
constant across time. Mathematically the Cox model assumes that following parametrization,

log (tjX = x)=log oft)+ f( ;x):
Typically the functionf () is assumed to be a ne. More recent research has involved modellih§) using

neural networks. o( ) is the non-parametric baseline hazard rate.

Partial Likelihood The parameters of the Cox Proportional Hazards model are estimated by minimizing the
partial likelihood. The partial likelihood is so called as it is independent of the non-parametric component
o( ) representing the base hazard rate. Mathematically, the partial likelihoBd ( ) is de ned as

pL( )= Y (tjxi) _ Y DHd,mexp f( ;xi) @
R (777 R A exp f(;x))
il or (1) FEL R (1)
_ Y p&XP f(xi) , (5)

exp f( ;xj)

=L ar (1)

whereR (t;) is the risk set' the set of individuals that survived beyond timg.

Breslow's Estimator The non-parametric component of the Cox Proportional Hazards model, the Base
Cumulative Hazard can be estimated using the Breslow's estimator (Breslow, 1972a).

X 1
bo(t) = p 5 . and, Sot)=exp  Dby(t) (6)
it <t exp f(Vx;)
i 2R (ti)

here,@o(t) is the corresponding base survival rate. The individual survival can then be estimated as,

Q(tjx =X)= So(t)exp(f (x))-

Heteogeneous Treatment E ects (HTE) refers to the variation in the magnitude and direction of the e ect

of a treatment or an intervention across di erent subgroups of a population. Not everyone responds to a
treatment in the same fashion. Some individuals may bene t more from a treatment than others, and some
people may not bene t at all (or worse, are harmed).

Mixed Integer Non-Linear Programming (MINLP) It is a class of numerical optimization techniques in-
volving optimization of a non-linear function (typically a convex function) over a mixed set of integer and
continuous variables. MINLP problems are typically NP-hard and involve the use of dynamic programming
techniques such as branch-and-bound search to make them tractable to solve.



Preliminaries

Throughout this thesis, unless speci ed otherwise, we
will work with a dataset of right-censored instances
D := f(xi;ti; i)gL,; wherex; is the set of covariates
of an individual.t; 2 R* is the time to event or cen-
soring as indicated by the indicator; 2 f 0; 1g. Time-
to-event or survival estimation problem thus reduces
to estimating the conditional distribution of survival
notated as

E[1fT > tgjX = x]

Figure 2: Conditional Independence of the True
P(T > tjX = x) Time-to-EventT and the censoring time<C.
1 P(T tjX=x) (7 OnlyX; T and are observed.

Here, T refers to the distribution of the censored survival tim&@ = min(T ;C), whereT is the
distribution of the true time-to-event andC is the distribution of the censoring time (Figure 2). is the
distribution of the censoring indicator = 1f T < C g. Typically we do not observe the true event times for
individuals lost to follow up as in Figure 1. Note that we will assume that the event of interest can only take
place once. This assumption is natural when modelling time-to-death or time to the rst event, acommon
end-point in clinical settings. Events that can recur along the lifetime of an individual are beyond the scope
of the discussion for the purposes of this thesis.

For these individuals, we observe the censored survival timieand an indicator of if they were censored,

= T < C. Assuming conditional independence betweg&nandC ie.T ? CjX allows identi cation of the
distribution of P(TjX).

For the censored individuals, we maximize the probability corresponding to the survival function. The
likelihood, " () under censoring is thus given as

“(fx;t; @)/ P(T = tjX = x) P(T > tjX = x)* : (8)

Note thatP(T > tjX = x) is the conditional survival function and typically notated aS(tjX = x). Often
in survival analysis literature likelihoods are expressed in terms of instantaneous hazard raig$. The
instantaneous hazard maybe de ned as the event rate at a tilpeonditional on survival(T > t) till that
time. Thus,

(= fim PO T<t+d) PT=1

— d .
dtl 0 dt S(t) (1) or, (ty= = logS(t): 9)

dt

15
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Now reasoning in terms of hazard rates, we can rewrite Equation 8 equivalently as
Tfxt; @/ (tjX = x) S(tjX = x): (20)
Broadly the popular approaches for maximizing the likelihood above are classi ed as,

Parametric Assumes the distribution of the time-to-ever®(TjX = x) is parametric like Weibull or Log-
Normal. Examples includes the popular Accelerated Failure Time model.

Non-Parametric Involves learning kernels or similarity functions of the input covariates followed by a non-
parametric (Kaplan-Meier or Nelson-Aalen) estimation of the survival rate weighted with a kernel obtained
either heuristically or learnt via representation learning.

Semi-Parametric the Cox Proportional Hazards model and its extensions arguably, remain the most popular
approaches and are classi ed aemi-parametrithe Cox model involves a two step estimation where the
feature interactions are learnt through a parametric model followed by non-parametric estimation of the
base survival (hazard) rate.
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Motivation

Survival regression is a eld of statistics and machine learning that deals with the estimation of a survival
function representing the probability of an event of interest, typically a failure, to occur beyond a certain time

in the future. Survival regression models time-to-event by estimating the survival functi®{,jX ), P(T >
tjX), conditional onX , the input covariates. Examples include estimating the survival times of patients
after certain treatment using clinical variables, or predicting the failure times of machines using their usage
histories, etc. Survival regression di ers from standard regression due to censoring of data, i.e. observation
of some subjects stops before occurrence of an event of interest.

Figure 3:Non-Proportional Hazards: When the Proportional Hazards assumptions are satis ed, the Survival
Curves and their corresponding Hazard Rates dominate each other and do not intersect. In many real world
scenarios however, the survival curves. Part | of this thesis proposes exible estimators of Time-to-Events in
the presence of non-proportional hazards.

Classical statistical machine learning techniques for survival regression rely on non-parametric or semi-
parametric methods for survival function estimation, primarily because they make working with censored
data relatively straightforward. However, non-parametric methods may su er from the curse of dimen-
sionality, and semi-parametric approaches usually depend on strong modeling assumptions. In particular,

19
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the prevailing assumption of constant proportional hazards over lifetime as proposed by Cox (1972) in the
Proportional Hazards model (commonly referred to as CPH), is very likely to be unrealistic in many practical
scenarios encountered in healthcare, predictive maintenance, econometrics, or operations research. See
Figure 3 for anillustration of a violation of the proportional hazards assumption.

Signi cant volume of recent research is focused on improving the CPH model. Kraisangka & Druzdzel
(2016, 2018) combined Bayesian networks with the CPH model to improve both the model interpretability
and predictive power. Researchers have also tried to incorporate structural sparsity, regularization, as well as
active and multitask learning when available data is scarce (Vinzamuri et al., 2014; Vinzamuri & Reddy, 2013;
Lietal., 2016). Other e orts have involved incorporating non-linear interactions between the covariates in
the original model. Rosen & Tanner (1999) proposed using a mixture of linear experts for the original Cox
model. Other approaches for incorporating non-linearities considered replacing the linear interaction terms
in the CPH model with deep neural networks, rst explored in Faraggi & Simon (1995), followed by Xiang et al.
(2000), and again recently by Katzman et al. (2018) with tHe@epSumpproach. Extensions to that work
have involved convolutional neural networks and active learning for healthcare applications in oncology
(Mobadersany et al., 2018; Nezhad et al., 2019). However, those approaches are still subject to the same strong
assumption of proportional hazards as the original CPH formulation.

Inthe rst part of this thesis, we investigate improvements over existing survival analysis methods by
proposing approaches that involve modeling the Time-to-Event distribution conditioned on the input data as
a xed size mixture, while learning expressive representations of the input data using deep learning. Our
contributions allow for exible modelling of the Time-to-Event analysis challenges without making strong
assumptions on the event time distributions.

The rst chapter of this thesis proposes a general parametric approaEreep Survival Machifi@SM), to
model static survival data with censored outcomes. We apply the DSM methodology to several real-world
datasets and demonstrate its advantages over existing baselines. We further evaluate DSM's capability to
model data with multiple competing outcomes or risks.

The subsequent chapter extends the Deep Survival Machines methodology to the longitudinal or dynamic
setting involving covariates that vary over time. The performance is benchmarked on Length of Stay and
Mortality prediction from critically-ill ICU patients.

Finally, in Chapter 3, we propose a nite size mixture of Cox regressions and an e cient learning algorithm
to perform inference under such model. We demonstrate that this approach can be e ective at modeling non-
proportional hazards and has competitive discriminative capability while outperforming several baselines in
terms of calibration.



Chapter 1

Fully Parametric Survival Regression and
Representation Learning

1.1 Preliminaries

We assume that the survival data we have access taght-censoredhis implies that our dataD is a set of
tuplesf (xi;ti; 1)gY; . Where typicallyx; 2 RY are features associated with an individuglis the time at
which an event of interest took place, or the censoring time angdis an indicator that signi es whethert; is
event time or censoring time. For a given individual, we only either observe the actual failure or censoring
time but not both. For simplicity, it is assumed that the true data generating process is such that the censoring
process is independent of the actual time to failure. We denote the uncensored supsetl) of data asDy

and the censoreqd = 0) subseta®Pc.

1.2 Proposed Model:Deep Survival Machines

Figure 1.1: The proposddeep Survival Machipgseline. The input featuresx are passed through a deep
multilayer perceptron followed by a softmax over mixture siz& . The Conditional Distribution oP(TjX =
X) is then described as a mixture df Primitive distributions, drawn from some prior.
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In this section we describe our approacBeep Survival MachifeSM) architecture and inference in
further detail. Fig. 1.1 is a visual representation of our approach while Fig. 1.2 describes the model in plate
notation.

1.2.1 Primitive Distributions

We choose to model the conditional distributioR(TjX = x) as a mixture ovelK well-de ned, parametric
distributions which we will refer to asPrimitive distributions for the remainder of this chapter. Given that
we are modeling survival times, a natural assumption for theBamitive distributions is to have support
only in the space of non-negative reals. Another property of interest is to have a closed form solution for
the cdf (cumulative distribution function), as this would enable the use of gradient based optimization for
Maximum Likelihood Estimation.

Table 1.1: Choices for tHerimitive distributions.

Weibull Log-Normal
1 t (nt )2

pdf(t) | - + e —P—e 2’
cdf (t) e Jerfc B

For DSM, we experiment with two types of distributions that satisfy this property, the Weibull and the
Log-Normal distribution. The rst of them has closed formdf (probability distribution function) and cdf .
For the Log-Normal, we compute thedf by using the standard approximation of the complementary error
function erfc as implemented inPyTorch. The full functional forms of the distributions are listed in Table
1.1. We parameterize theg and ¢ as:

k= Tkt+act( (xi)” ); k= -~x+act( (xi)7)

Here theact () is the SELUand Tanh activation functions for the Weibull and Log-Normal respectively,
and (:) is a Multilayer Perceptron (MLPX; are the input covariatesf ; ; ; and gare all parameters
that are learnt during training. Another set of parameters that are learnt are that determine the mixture
weights for each data point.

Figure 1.2 introduces the proposed model in plate notation and the corresponding conditional inde-
pendence assumptions of the Graphical Model. The input featurgsare passed through the MLP, to
determine the representationg;. This representation then interacts with the additional set of parameters
to determine the mixture weightsw and the parameters of each df underlying survival distributions
f «; koK., . The nalindividual survival distribution for the event timeT is a weighted average over these
K distributions.



1.2. PROPOSED MODEL: DEEP SURVIVAL MACHINES 23

1.

The Generative Story at Test Time

Xi D
We draw the co-variates of the individuak;;

.w; ;N (0;=)

The parameters of the model are drawn from a zero mean Gaussian distribution.

.z, Discretesoftmax( (x;j)”>w)

Conditioned on the covariatex; and the parametersyw we draw the latentz;

dog% N (o02=)

log« N (0;%=)
The set of parameter$ gk, andf «gk_, are drawn from the prior ¢and o.
ti Primitive ; k)

where, = T+ act( (xi)” )

k= ~x+act( (xi)” )
Finally, the event timet; is drawn conditioned on ; and .

Figure 1.2Deep Survival Machiireplate notation.
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1.2.2 Parameter Estimation

In order to accommodate for heterogeneity arising in the data, we propose to model the survival distribution
of each individual as a xed size mixture of survival distribution primitives. At test time, the survival function
corresponding to this held out individual is described as a weighted mixture of the survival distribution
primitives. Here, the weights are a softmax of the output of a deep neural network. At training time, the
parameters of the network and the survival distribution primitives are learnt jointly.

Uncensored LossWe consider the maximum likelihood estimator for the uncensored data which can be
written as:

Pi
INnP(Dyj )=In P(T = t;jX = xi; )
i=1
YOI X
= In P(T = tjjZ = k; «; k)P(Z = kjX = xj;w)
i=1 k=1
12

= In E [P(T =tz « «l
i=1 Z (jxi;w)

(Applying Jensen's Inequali}y
¥Oi
E [INP(T = tjZ; «; «)]

o1 Z (xaw)

., ELBQ()

Censoring LossProceeding as above, we can write the lower bound of loss for the censored observations as:

pi
InP(Dcj) =In P(T >tijX = Xi; )
i=1
i
E [InP(T >tijZ; «; «)]
iz1 £ (ixiw)
, ELBQ()

Mitigating Long Tail Bias. Survival distributions with positive support typically have long tails, a compli-
cation that adds to the bias when performing Maximum Likelihood Estimation. Note that for the censored
instances of data, we are maximizing the probabiliB(T > t). One conceivable way of adjusting for the
long-tail bias is to instead maximiz@(tmax > T >t ) = P(T >t) P(T > tmna) Wheretnax is some
arbitrarily large value that represents the last event or the follow up time in the study. However, for simplicity,
we choose to directly discount the censoring loss by multiplying it with a factor2 [0; 1], which has a similar

e ect of diminishing bias arising from the long tails.
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Prior Loss. We include the strength of the prior on the ,  as:

% .
L prior = In P(x; «is )
k=1

X
= InPCyj )+In P(kj)
k=1
)6 . 2 . ..2
= e diptie iz
k=1

Combined LossWe nally combine the individual components of loss described above into:

L combined= ELBQ() + ELBQ()+ Loprior:

Here, isascalar hyperparameterthattrades o the contribution of regression loss vis-a-vis the evidence
lower bound of the uncensored observations to the combined objective function. For a complete formulation
of the loss function, in terms of functions and parameters please refer to Appendix A.1.

Table 1.2: Descriptive statistics of the datasets used in the experiments.

Dataset Type Dataset Dim. Feature Dim. No. Events No. Censoring
SUPPORT | Single Risk 9,105 30 6,201 (68.1 %) 2,904 (31.9 %)
METABRIC | Single Risk 1,904 ¢ 1,103 (57.9 %) 801 (42.1 %)
. : Eventl 7,600 (25.3%
SYNTHETIC Competing Risks 30,000 127 ( 9 15,000 (50.0 %)
Event2| 7,400 (24.7%)
. . BC 13,564 (20.7%
SEER Competing Risks 65,481 21 (20.7%) 47 672 (72.8 %)
CVD | 4,245 (6.5%

1.2.3 Handling Multiple Competing Risks

We adaptDeep Survival Machitescenarios involving multiple competing risks by allowing learning of

a common representation for the multiple risks by passing through a single MLR:{ in Fig. 1.1). This
representation then interacts with a separate set 6f ; ; wgin order to describe the event distribution for
each competing risk. Maximum Likelihood Estimation is performed by treating the occurrence of a competing
event before the other event as a form of independent censoring. This strategy allows the model to leverage
knowledge from the two (in general, more than two) competing tasks by allowing parameter sharing through
a single intermediate representation.

1.3 Experiments

We evaluateDeep Survival Machinegheir ability to measure relative risks for a single event of interest in
the presence of censoring, and then we further consider ablation experiments where we arti cially increase
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the amount of censoring to demonstrate the robustness of the proposed approach. Finally, we demonstrate
DSM's ability to learn representations of the covariates for transferring knowledge across two events in the
competing riskssenario with censoring.

1.3.1 Datasets

Single Event/Single Risk.We evaluated performance of the proposed method on the following real-world
medical datasets with single events: Study to Understand Prognoses Preferences Outcomes and Risks of
Treatment (SUPPORT) (Knaus etal., 1995), and Molecular Taxonomy of Breast Cancer International Consortium
(METABRIC) (Curtis et al., 2012). A brief introduction of each dataset is provided below.

SUPPORTThe SUPPORT dataset resulted from a study conducted to describe a prognostic model to
estimate survival over a 180-day period for 9,105 seriously ill hospitalized patients. Of the 9,105 patients, 6,201
patients (68.1%) were followed to death, with a median survival time of 58 days. We used 30 patient covariates,
including age, gender, race, education, income, physiological measurements, co-morbidity information, etc.
Missing values of certain physiological measurements were imputed using the suggested normal values
other missing values were imputed using the mean value for numerical features and the mode for categoricals.

METABRICThe METABRIC data came from a study conducted to determine new breast cancer subgroups
and facilitate treatment improvement using patients' gene expressions and clinical variables. The dataset
consists of 1,904 patients and 9 features. 1,103 patients (57.9%) were followed to death with a median survival
time of 115.9 months. The dataset used was preprocessed as in Katzman et al. (2018) and downloaded from
the PySurvival library?

Competing Risks.We also evaluated the performances on two datasets with competing risks: a synthetic
dataset and the Surveillance, Epidemiology, and End Results (SEER) dataset.

SYNTHETICIn order to demonstrate the e ectiveness of DSM as a representation learning framework,
we experiment with synthetic data that is generated following the spirit of Alaa & van der Schaar (2017b) &
Lee et al. (2018) using the same generative process as they described.

x(li);x(zi);xg) N (0;1)
TV exp (3x$)7+ 1xP
T exp (x4 3x0
Herex () = ( x(li) ; x(zi) ; xg)) is a tuple representing the covariates of the individual The Event timed;
and T, are exponentially distributed around functions that are both linear and quadratic ¥1. We generate
30,000 patients from the distribution out of which 50% are subjected to random right censoring by uniformly
sampling the censoring times in the intervdD; minf T1; T»>g]. Clearly, the choice of our distributions for

the event times are not independent and would allow a model to leverage knowledge of one event to better
predict the other, which is what we intend to demonstrate.

Lhttp://biostat.mc.vanderbilt.edu/wiki/Main/SupportDesc
https://square.github.io/pysurvival/
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SEERThis datasetprovides information on cancer statistics among the United States population. We
focused on the breast cancer patients in the registries of Alaska, San Jose-Monterey, Los Angeles and rural
Georgia during the years from 1992 to 2007, with the follow-up period restricted to 10 years. Among the 65,481
patients, 13,564 (20.7%) died due to breast cancer (BC) and 4,245 (6.5%) died due to cardiovascular disease (CVD),
which were treated as the two competing risks in our experiments. We used 21 patient covariates, including
age, race, gender, diagnostic con rmation, morphology information (primary site, laterality, histologic type,
etc.), tumor information (size, type, number etc.), and surgery information. Missing values were imputed
using the mean value for numerical features and the mode for categorical features.

1.3.2 Baselines

We compare the performance of DSM to the following competing baseline approaches:

Cox Proportional Hazards (CPH)This is the standard semi-parametric model, making the assumption
of constant baseline hazard. The features interact with the learnt set of weights in a log-linear fashion in
order to determine the hazard for a held-out individual.

Random Survival Forests (RSF)This is a popular non-parametric approach involving learning an
ensemble of trees, adapted to censored survival data (Ishwaran et al., 2008).

DeepSurv (DS)Proposed by Katzman et al. (2018), DeepSurv involves learning a non-linear function that
describes the relative hazard of a test instance. It makes the familiar assumption of constant baseline hazard,
as does CPH.

DeepHit (DH) (Lee et al., 2018): This approach involves learning the joint distribution of all event times
by jointly modelling all competing risks and discretizing the output space of event times.

Fine-Gray (FG) (Fine & Gray, 1999): This is a classic approach used for modelling competing risks
that focuses on the cumulative incidence function by extending the proportional hazards model to sub-
distributions.

For the SYNTHETIC and SEER datasets with competing risks, we compare performance of DSM to cause-
speci ¢ (cs-) versions of CPHand RSRhat involve learning separate survival regressions for each competing
event by treating the other event as censored.

Performance Metrics

We evaluate DSM by assessing the ordering of pairwise relative risks using Concordance-Index (C-Index) (Har-
rell, 1982). To demonstrate performance of our approach vs. the methods subject to Coxian assumption, we
show the comparison of performances using the time-dependent Concordance-I@igxAntolini et al.,

2005).

Ctd(t): P |'—A(thi) > If(tJXJ)] i=LTi<TjT ot

Here,F (tjX ) is the estimatedcdf by the model at the truncation timet, given featuresx . The probability is
estimated by comparing relative risks pair-wise. In order to obtain an unbiased estimate for the quantity,
we adjust the estimate with an inverse propensity of censoring estimate, as is common practice in survival
analysis literature (Gerds et al., 2013).

Shttps://seer.cancer.gov/



28 CHAPTER 1. DEEP SURVIVAL MACHINES

ObservingC! by di erent evaluation time horizons enable us to measure how good the models are at
capturing the possible changes in risk over time, thus alleviating the restrictive assumption C-Index makes of
constant proportional hazards. For completeness, we report tB¥ at di erent truncation event horizon
quantiles of 25%, 50%, 75%.

Practical utility of deployed applications and their interpretability requires survival analysis models to
be well calibrated. We thus further assess calibration of DSM in comparison to the baselines by computing
the Censoring Weighted Brier Score (Gerds & Schumacher, 2006; Graf et al., 1999) at each event's quantile.

Experimental Setup

Hyperparameters: For all the experiments described subsequently we train DSM with thkdamoptimizer
(Kingma & Ba, 2014) using learning ratesfd@f 10 3;1 10 “g. The number of experts for each event is
chosen fromf 4; 6; 8g and the discounting factor is chosen fronf 1=; 34; 1g. The prior strength is set as

1 10 8for all the experiments and not tuned. We report th€ for the best performing set of parameters
over the grid in cross validation for both DSM and the baselines. The representation learning functi@r is

a fully connected Multi-Layer Perceptron with 1 or 2 hidden layers with the number of noded 50; 100g

and RelL U6 activations. The choice of Log-Normal or Weibull outcome is further tuned as a hyper parameter.
All experiments were conducted iPyTorch (Paszke et al., 2019).

Evaluation Protocol: For each experiment we report the standard error around the mean of t68& in 5-fold
cross validatiort!

Figure 1.3Time-Dependent Concordance Ind&¥ for SUPPORT dataset at di erent quantiles of event times for
di erent levels of censoring.

1.4 Results

1.4.1 Single Event Survival Regression

Parameter inference for DSM involves the exploitation of a closed form of tia, which makes DSM amenable

to gradient based optimization. Naturally one would expect that a greater amount of censoring will reduce
the available information to be modeled, thus adding bias and leading to poorer estimates of the survival
function.
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Figure 1.4Time-Dependent Concordance Inde'') for METABRIC dataset at di erent quantiles of event times for
di erent levels of censoring.

Figure 1.5C" for competing risks on SYNTHETIC data.

Figure 1.6C" for competing risks on SEER data.

In this section, we will empirically investigate DSM's robustness to censoring and compare it to the
relevant baselines by arti cially censoring the event times. We uniformly sample a censoring time between
[0; T) for a randomly chosen subset of the uncensored training data. This is only applied to the uncensored
instances of the training splits with the same experimental protocol as used in the previous Section 1.3.2. (By
not censoring the test splits we are able to better estimate t%). We perform this arti cial censoring on
the single eventMETABRI@nd SUPPORdatasets and reduce the uncensored training data to 50% and 25%
of its original amount.
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Figure 1.3 summarizes the performance of DSM on the SUPPORT dataset in 5-fold cross validation. Notice
that RSF is comparable to DSM in the 25% quantile of event time horizons across all levels of censoring,
however, DSM signi cantly outperforms RSF on the longer event quantiles. Similarly, we observed that
although DeepSurv was competitive in longer event horizons, DSM signi cantly outperformed DeepSurv in
the shorter horizons, demonstrating superiority.

For METABRIC, we observed that DSM outperformed the Deep Learning baselines signi cantly. Although
RSF was competitive, DSM outperformed RSF on average in 10-fold cross-validation.

Brier Scores an€' obtained for METABRIC and SUPPORT data, can be found in Appendix A.1.1, and they
present DSM's calibration ability to be at least on-par and often better when compared to the alternatives.

We close this section with a brief discussion on the scenarios when DSM can possibly achieve performance
gain over alternative methods. When the data is sparse during certain time spans, e.g. the longer event
horizons, the parametric nature of DSM makes it more robust than the non-parametric or deep learning based
methods. On the contrary, the tting of other competing non-parametric models and deep learning based
approaches su er from this lack of data. Furthermore, since DSM does not make the constant proportional
hazard assumption like the CPH model or its variants, DSM is able to capture the exible patterns of the
survival functions when such assumptions do not hold.

1.4.2 Competing Risks Scenario

For the SYNTHETIC dataset, we observe in Fig. 1.5 that DSM is competitive with DeepHit and outperforms
all the other baselines in the 25%, 50%, 75% quantiles of event horizons. For comparison, we also report the
performance at 100% quantile and observe that DSM is signi cantly superior to DeepHit for both events, thus
con rming its robustness to events at longer horizons.

From Fig. 1.6, on the SEER dataset we observe that for the majority risk, Breast Cancer, DSM signi cantly
outperformed all the other baselines. The results for CVD were less conclusive with DeepHit being competitive
at the 25% quantile. We owe this to the class imbalance between the two types of risks. Note that for visual
clarity we do not report Fine-Gray and cs-RSF since their performance was poor. We defer the actual numbers
and con dence intervals to Appendix A.1.1.

1.4.3 Representation Learning and Knowledge Transfer

We also conducted a set of experiments to evaluate the performance of DSM as a representation learning
framework in the competing risks scenario. We compare its ability to transfer knowledge across multiple
competing risks to relevant deep learning alternatives.

We divide the SYNTHETIC data into two equal subsets of 15,000 samples each. For the rst set, we discard
all records that had Event 2 before Event 1. For the second set, we perform similar preprocessing and discard
all rows where Event 1 occurred before Event 2. This e ectively converts the two subsets into single event
censored datasets for Event 1 and Event 2 respectively. We train 8MpSuand DeepHibn the rst half of
the dataset for the prediction of Event 1. The learned model is then used to extract representations for the
second subset. The output of the nal layer is exploited as an overcomplete representation of the original set
of co-variates of the individual observation. In both cases, we tune the models by brute-force over one and
two hidden layers and the dimensionality of the hidden layers fr25; 50; 100g.
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Table 1.3: Knowledge transfer across tasks and representation learning capability on the SYNTHETIC dataset.
Representations were trained on Event 1 and used to predict relative risks for a held-out set on Event 2 using
the CPH model.

Model C-Index (90%-CI)

NNMF 0:5940 0:0044
VAE 0:6494 0:0044
K-PCA 0:7422 0:0055

DeepSurv| 0:6988 0:0038
DeepHit | 0:7688 0:0040

DSM 0.7724 0.0025

Figure 1.7Comparison of training times required. Parameter inference with DSM is faster than other deep learning
approaches, and it scales better with data size.

For completeness, we also experiment with Kernel-PCA (K-PCA) (Schélkopf et al., 1997), Non-Negative
Matrix factorization (NNMF) (Lee & Seung, 2001) and modern Variational Auto Encoders (VAE) to learn latent
representations. Note that as compared ReepSurand DSM, K-PCA, NNMF and VAE are intrinsic methods
that do not have access to the label of the original risk (Event 1) at training time and hence are limited in
their expressive capability.

Once the representations are extracted for the second subset of the data, a linear Cox Proportional Hazards
(CPH) Model is trained on them for the competing risk (Event 2). Table 1.3 presents the result of concordance
of the learned CPH model on the extracted embeddings. DSM outperforms the competing baselines.

1.4.4 Model Complexity and Scalability

We would like to stress that the advantage @feep Survival Machiieaot only in terms of competitive
predictive performance but also in the ability to manage computational and inference complexity. Since
DSM involves making reasonable parametric assumptions, inference requires fewer parameters to learn
as compared to the considered alternative approaches. In this section, we compare the training time and
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Figure 1.8Number of learnable parameters in best architectures. DSM requires fewer parameters than deep learning
alternatives.

the model complexity in terms of the number of parameters of DSM vis-a-vis the established deep learning
baselines, DeepHit and DeepSurv, as well as the linear Cox Proportional Hazards regression CPH.

From Figures 1.7 and 1.8, the advantage of DSM in runtime and space complexity vs. considered deep
learning alternative models is clearly visible. Note that while RSF is faster in training on METABRIC, it scales
poorly with increasing amounts of data as evidenced by slower runtime on the larger SUPPORT dataset.



Chapter 2

Deep Parametric Time-to-Event Regression
with Time-Varying Covariates

2.1 Introduction

Time-to-event regression in healthcare and other domains, such as predictive maintenance, require working
with time-series (or time-varying) data such as continuously monitored vital signs, electronic health records,
or sensor readings. In such scenarios, the event-time distribution may have temporal dependencies at various
time scales that are not easily captured by classical survival models that assume training data points to
be independent. In this chapter, we describe a fully parametric approach to model censored time-to-event
outcomes with time varying covariates. It involves learning representations of the input temporal data
using Recurrent Neural Networks such as LSTMs and GRUSs, followed by describing the conditional event
distribution as a xed mixture of parametric distributions. The use of the recurrent neural networks allows
the learned representations to model long-term dependencies in the input data while jointly estimating the
Time-to-Event. We benchmark our approach on MIMIC llI: a large, publicly available dataset collected from
Intensive Care Unit (ICU) patients, focusing on predicting duration of their ICU stays and their short-term life
expectancy, and we demonstrate competitive performance of the proposed approach compared to established
time-to-event regression models.

Several important applications of survival analysis require working with interdependent temporal data
such as multiple hemodynamic vital signs. Standard extensions to survival models for longitudinal data
involve representing input covariates with aggregate statistics accrued over time in order to make them
compatible with standard survival regression approaches. However, some data modalities, such as time series,
cannot always be su ciently captured using statistical featurization of static snapshots of the input features.

Furthermore, in the case of discrete temporal data, such as electronic health records, certain historical
events may be more informative and more consequential, with long term e ects that require modeling at
multiple scales with factors more capacious than simple aggregate statistics such as moving averages and
variances over time.

In time-to-event regression literature, such input data are known as time-varying covariates. While there
is a large amount of existing work on extensions of classical statistical methods involving such data, modern
machine learning approaches to model time-varying covariates are relatively understudied.

33
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In this chapter, we propose Recurrent Deep Survival Machines (RDSM), a fully parametric survival analysis
method for modeling time-to-event data in the presence of time-varying covariates. RDSM builds on the
original DSM model (Nagpal et al., 2021c) by replacing the learned representation with a Recurrent Neural
Network (RNN) architecture, such as a standard RNN or its variants, e.g., GRU (Cho et al., 2014a) or LSTM (Gers
etal., 1999). As in the case of the original DSM model, we assume that once the representations are obtained,
the event arrival times are distributed as a mixture of underlying parametric distributions. The parameters
of these underlying distributions are also assumed to be functions of the obtained representations, and are
learned jointly with the recurrent neural architectures. Our key contributions in this chapter are:

We propose a novel censored Time-to-Event regression model, Recurrent Deep Survival Machines, that
allows modeling of time-varying coe cients by using RNN layers with exible parametric choices on the
event-time distribution.

We demonstrate the utility of RDSM on Mortality and Length-of-Stay prediction in the MIMIC-III dataset of
ICU patients, and compare performance of the proposed approach against established censored survival
regression baselines.

Finally, we release the RDSM model as part of the open-soaat®n-survival (Nagpal et al., 2022b)
python package for wider dissemination with the survival analysis research community.

2.2 Related Work

The surge of deep learning methods for machine learning have prompted related research in the use of
deep learning for augmenting classic survival models. Katzman et al. (2018) propespSuya proportional
hazard model where relative risks are estimated using a neural network. DeepSurv allows to model non-linear
proportional hazards however, is still restricted to the strong cox assumptions of proportional hazards.

Lee et al. (2019a) proposgeepHithat involves discretizing the event space with xed intervals and
treating the survival analysis problem as binary classi cation over these horizoBgepHitas competitive
performance by alleviating the proportional hazards assumption but scales poorly to large datasets especially
at longer horizons. Ren et al. (2019) propose an RNN based model but only in the context of static features
and do not discuss time-varying covariates.

Apartfrom Deep Learning approaches popular approaches for survival analysis also include non-parametric
techniques including Random Survival Forests (Ishwaran et al., 2008) and Gaussian Processes (Fernandez
etal., 2016; Alaa & van der Schaar, 2017hb).

Statistical methods for longitudinal data have proposed to model censored survival data by analysing
di erent follow up times, commonly known as landmark times. These approaches involve building separate
models for each time (Van Houwelingen, 2007). Two stage landmarking have been explored to model the
disease evolution within those intervals and extract meaningful representations which are then used to build
standard survival regression models (van Houwelingen & Putter, 2011).

Another approach aims to model longitudinal and survival outcomes simultaneously by sharing a latent
representation (Henderson et al., 2000). This joint modeling bene ts from shared knowledge between models
but su ers from intractability and computational complexity.

Modern ML methods for modeling time-to-event outcomes in the presence of time-varying covariates
are relative understudied. Lee et al. (2019a) prop&ssmamic-Deepliitvolving recurrent neural networks but
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